UV stable, Lorentz-violating dark energy with transient phantom era by Libanov, Maxim et al.
ar
X
iv
:0
70
4.
18
48
v2
  [
he
p-
th]
  1
9 J
ul 
20
07
UV stable, Lorentz-violating dark energy with transient phantom era
Maxim Libanov and Valery Rubakov
Institute for Nuclear Research of the Russian Academy of Sciences,
60th October Anniversary Prospect, 7a, Moscow, 117312, Russia
Eleftherios Papantonopoulos
Department of Physics, National Technical University of Athens,
Zografou Campus GR 157 73, Athens, Greece
M. Sami
Centre for Theoretical Physics, Jamia Millia, New Delhi-110025, India
Shinji Tsujikawa
Department of Physics, Gunma National College of Technology, Gunma 371-8530, Japan
Phantom fields with negative kinetic energy are often plagued by the vacuum quantum instability
in the ultraviolet region. We present a Lorentz-violating dark energy model free from this problem
and show that the crossing of the cosmological constant boundary w = −1 to the phantom equation
of state is realized before reaching a de Sitter attractor. Another interesting feature is a peculiar time-
dependence of the effective Newton’s constant; the magnitude of this effect is naturally small but may
be close to experimental limits. We also derive momentum scales of instabilities at which tachyons
or ghosts appear in the infrared region around the present Hubble scale and clarify the conditions
under which tachyonic instabilities do not spoil homogeneity of the present/future Universe.
I. INTRODUCTION
The compilations of various observational data show that the Universe has entered the stage of an accelerated
expansion around the redshift z ∼ 1 [1, 2, 3, 4, 5, 6]. The equation of state (EOS) parameter w of Dark Energy (DE)
responsible for the acceleration of the Universe has been constrained to be close to w = −1. However, the phantom
EOS (w < −1) is still allowed by observations and even favored by some analyses of the data [7]. It is also possible
that the EOS of DE crossed the cosmological constant boundary (w = −1) in relatively near past [8].
The presence of the phantom corresponds to the violation of weak energy condition, the property which is generally
difficult to accommodate within the framework of field theory. The simplest model which realizes the phantom EOS is
provided by a minimally coupled scalar field with a negative kinetic term [9, 10] (see also Refs. [11, 12]). The negative
kinetic energy is generally problematic because it leads to a quantum instability of the vacuum in the ultraviolet
(UV) region [10, 13, 14, 15, 16, 17]: the vacuum is unstable against the catastrophic particle production of ghosts and
normal (positive energy) fields.
There have been a number of attempts to realize the phantom EOS without having the pathological behaviour in
the UV region. One example is scalar-tensor gravity in which a scalar field φ with a positive kinetic term is coupled to
Ricci scalar R [18, 19]. This coupling leads to the modification of gravitational constant, but it was shown in Ref. [20]
that there are some parameter regions in which a phantom effective EOS is achieved without violating local gravity
constraints in the present Universe.
Another example is provided by the so-called modified gravity, including f(R) gravity models [21] and the Gauss-
Bonnet (GB) models [22]. In f(R) models it is possible to obtain a strongly phantom effective EOS, but in that case
the preceding matter epoch is practically absent [23]. For GB DE models it was shown in Ref. [24] that the crossing of
the cosmological constant boundary, w = −1, is possible, but local gravity experiments place rather strong constraints
on the effective GB energy fraction [25]. In addition, tensor perturbations are typically plagued by instabilities in
the UV region if the GB term is responsible for the accelerated expansion of the Universe [26]. Thus, it is generally
not so easy to construct viable modified gravity models that realize the phantom effective EOS without violating
cosmological and local gravity constraints.
The third example is the Dvali-Gabadadze-Porrati (DGP) braneworld model [27] and its extension [28] with a GB
term in the bulk, which allow for the possibility to have w < −1 [29, 30]. However, it was shown in Ref. [31] that the
DGP model contains a ghost mode, which casts doubts on the viability of the self-accelerating solution.
While the above models more or less correspond to the modification of gravity, it was recently shown that in the
Einstein gravity in a Lorentz-violating background the phantom EOS can be achieved without any inconsistency in
the UV region [32, 33]. In particular, in the model of Ref. [33] Lorentz invariance is broken in the presence of a vector
field Bµ which has two-derivative kinetic terms similar to those given in Ref. [34]. The effect of the Lorentz violation
2is quantified by a parameter Ξ ≡ BµBµ/M2, whereM is an UV cut-off scale. In analogy to Ref. [35] the vector field
also has one-derivative coupling ǫ∂µΦB
µ with a scalar field Φ, where ǫ is a small parameter that characterizes an IR
scale. In the UV region, where the spatial momentum p is much larger than ǫ, ghosts, tachyons and super-luminal
modes are not present. Meanwhile tachyons or ghosts can appear in the IR region p <∼ ǫ. This is not problematic
provided that ǫ is close to the present Hubble scale.
In this paper we apply this Lorentz-violating model to dark energy and study the cosmological dynamics in detail
in the presence of mass terms in the potential, V = 12m
2Φ2 − 12M2X2 (where X2 = BµBµ). We show that the
model has a de Sitter attractor responsible for the late-time acceleration. At early times DE naturally has normal
EOS with w > −1, while the phantom EOS can be realized between the matter-dominated era and the final de Sitter
epoch. We clarify the conditions under which the cosmological constant boundary crossing to the phantom region
occurs. Interestingly, in a range of parameters this crossing takes place at the epoch when Ωm ∼ ΩDE thus making
the crossing potentially observable.
Another interesting feature of our model is the time-dependence of the effective Newton’s constant. It is naturally
weak, but may well be comparable with current experimental limits. Moreover, the effective Newton’s constant G∗(t)
has a peculiar behaviour correlated with the deviation of w from −1.
We also derive momentum scales of instabilities of perturbations, first in Minkowski spacetime. This is the extension
of the work [33] that mainly focused on the case of massless scalar (m = 0). We show that in the UV region (p≫ ǫ)
the model does not have any unhealthy states such as ghosts, tachyons or super-luminal modes. In the IR region
(p <∼ ǫ) tachyons or ghosts appear, depending on the momentum. Finally, we study the evolution of perturbations
in the cosmological background and estimate the amplitude of perturbations amplified by the tachyonic instability
around the scale of the present Hubble radius. The perturbations remain to be smaller than the background fields
under certain restriction on the model parameters.
This paper is organized as follows. In Sec. II we present our Lorentz-violating model and derive basic equations
describing spatially flat Friedmann–Robertson–Walker cosmology in the presence of DE, radiation and non-relativistic
matter. In Sec. III the cosmological dynamics is discussed in detail analytically and numerically with an emphasis
on the occurrence of a phantom phase before reaching a de Sitter attractor. The time-dependence of the effective
gravitational constant is also considered. In Sec. IV we study the Minkowski spectrum of field perturbations and
clarify the properties of tachyons and ghosts in the IR region. We then discuss the tachyonic amplification of field
perturbations around the present Hubble scale in the cosmological background. We summarize our results in Sec. V.
Appendix A contains the derivation of the effective “Newtonian gravitational constant” in our model. In Appendix
B we derive the fixed points of the system by rewriting the equations in autonomous form. We analyse the stability
of the fixed points and show analytically that the cosmological evolution proceeds from radiation-dominated stage
through matter-dominated stage to the final de Sitter regime.
II. LORENTZ-VIOLATING MODEL
We study a 4-dimensional Lorentz-violating model whose Lagrangian density includes a vector field Bµ and a scalar
field Φ:
L = −1
2
α(Ξ)gνλDµBνD
µBλ +
1
2
β(Ξ)DµBνD
µBλ
BνBλ
M2 +
1
2
∂µΦ∂
µΦ + ǫ∂µΦB
µ − V (B,Φ) , (1)
where Ξ = BµB
µ/M2 with M being an UV cut-off scale of the effective theory. The dimensionless parameters α
and β are the functions of Ξ, and ǫ is a free positive parameter that characterizes an IR scale. The first two terms
in (1) are familiar in two-derivative theory [34], whereas the one-derivative term ǫ∂µΦB
µ is introduced following the
approach of Ref. [35].
We study dynamics of flat Friedmann-Robertson-Walker (FRW) Universe
ds2 = N 2(t)dt2 − a2(t)dx2 , (2)
where N (t) is a Lapse function and a(t) is a scale factor. In the case of spatially homogeneous fields with Bi = 0
(i = 1, 2, 3), the Lagrangian (1) reads
√−gL = γ
2
a3
N X˙
2 − 3α
2
a˙2a
N X
2 +
1
2
a3
N φ˙
2 + ǫa3φ˙X − a3NV (X,φ) , (3)
where X = B0/N , φ is the homogeneous part of the field Φ and
γ(X) =
X2
M2β(X)− α(X) . (4)
3Hereafter we study the case in which the following condition holds
α > γ > 0 .
This is required to avoid a superluminal propagation in Minkowski spacetime [33], as we will see later. Throughout
this paper we assume that α and γ are of order unity.
For fixed X , the second term in the Lagrangian (3) has precisely the form of the Einstein–Hilbert action specified
to the flat FRW metric. Hence, it leads to the change of the “cosmological” effective Planck mass [33]
m2pl,cosm = m
2
pl + 4παX
2 . (5)
Another effective Planck mass mpl,Newton determines the strength of gravitational interactions at distances much
shorter than the cosmological scale; in general, these two effective Planck masses are different [19, 35, 36]. We show
in Appendix A that the “Newtonian” Planck mass in our model is given by
m2pl,Newton = m
2
pl − 4παX2 . (6)
Both effective Planck masses depend on time via X = X(t). Since the time-dependent terms in (5) and (6) differ by
sign only, it will be sufficient to study one of these effective masses. In what follows we concentrate on the “Newtonian”
mass (6) for definiteness.
In this paper we focus on the case in which the potential V takes a separable form:
V =W (φ) + U(X) . (7)
We take into account the contributions of non-relativistic matter and radiation whose energy densities ρm and ρr,
respectively, satisfy
ρ˙m + 3Hρm = 0 , (8)
ρ˙r + 4Hρr = 0 . (9)
The energy density of the fields is derived by taking the derivative with respect to N of the action S = ∫ d4x√−gL:
ρ = − 1
a3
[
δS
δN
]
N=1
=
γ
2
X˙2 − 3α
2
H2X2 +
1
2
φ˙2 + V . (10)
We set N = 1 for the rest of this paper.
The Friedmann equation is given by
H2 ≡
(
a˙
a
)2
=
κ2
3
[
1
2
γX˙2 − 3α
2
H2X2 +
1
2
φ˙2 +W (φ) + U(X) + ρm + ρr
]
, (11)
where κ2 = 8π/m2pl. The equations of motion for the homogeneous fields φ and χ are
− γ
(
X¨ + 3HX˙
)
− 1
2
γ,XX˙
2 − 3
2
α,XH
2X2 − 3αH2X + ǫφ˙ = U,X , (12)
−(φ¨+ 3Hφ˙)− ǫ(X˙ + 3HX) = W,φ , (13)
where γ,X = dγ/dX , etc. Taking the time-derivative of Eq. (11) and using Eqs. (12) and (13), we obtain
H˙ = −κ
2
2
(
ρ+ p+ ρm +
4
3
ρr
)
,
where
ρ+ p = ǫφ˙X + αH˙X2 + 2αHXX˙ + γX˙2 + φ˙2 + α,XHX
2X˙ . (14)
In what follows we assume for simplicity that α and γ are constants, i.e., α,X = γ,X = 0.
Following Ref. [33] we consider the simplest potential for the fields,
W (φ) =
1
2
m2φ2 , U(X) = −1
2
M2X2 , (15)
which allows for a possibility to realize a phantom phase.
4III. DYNAMICS OF DARK ENERGY
One way to analyse the cosmological dynamics in our model is to make use of the autonomous equations, the
techniques widely used in the context of dark energy studies [6, 38, 39]. This approach is presented in Appendix B,
where we analytically confirm that our model can lead to the sequence of radiation, matter and accelerated epochs.
Also, in Appendix B we derive the conditions under which the de Sitter solution given below is an attractor. Here we
first present a simpler analysis based on the slow-roll approximation. Then we give numerical solutions to eqs. (8),
(9), (11), (12), (13), exhibiting transient phantom behaviour, and study their dependence on various parameters of
our model, including the initial values of the fields.
A. Final and initial stages
One immediate point to note is that in the absence of radiation and matter, the system of equations (11), (12),
(13) has a de Sitter solution, H = const, for which φ and X are also independent of time, provided that
ǫ
m
>
√
2α
3
. (16)
Indeed, for constant H,φ and X eqs. (11), (12), (13) reduce to a simple algebraic system
H2 =
κ2
3
[
−3α
2
H2X2 − M
2
2
X2 +
m2
2
φ2
]
,
3αH2 =M2 ,
−3ǫHX = m2φ . (17)
Once the inequality (16) is satisfied, this system has a solution
HA =
M√
3α
,
φA =
√
3
4π
Mmplǫ√
αm2
1√
3ǫ2/m2 − 2α ,
XA = − mpl√
4π
1√
3ǫ2/m2 − 2α . (18)
We will see in what follows, and elaborate in Appendix B, that in a range of parameters this solution is an attractor
which corresponds to the de Sitter phase in asymptotic future (hence the notation). In order to use this for dark
energy we require that the mass scale M is of the order of the present Hubble parameter H0. Then the Newtonian
effective Planck mass, Eq. (6), is given by
m2pl,Newton = m
2
pl
(
1− α
3ǫ2/m2 − 2α
)
. (19)
In order that the change of the Planck mass be small, we impose the condition
ǫ≫ √αm . (20)
It is worth noting that under this condition, the contribution of the field φ in the energy density dominates in the
de Sitter regime,
m2
2
φ2A ≫
M2
2
X2A =
3αH2
2
X2A . (21)
Thus, as the system approaches the de Sitter attractor, the total energy density in the Universe becomes determined
by the scalar field energy density.
Another point to note is that at early times (at the radiation-dominated epoch already), when the Hubble parameter
is large enough, the term (−3αH2X) in Eq. (12) drives the field X to zero, the relevant time being of the order of
5the Hubble time. Soon after that the field φ obeys the usual scalar field equation in the expanding Universe, so the
Hubble friction freezes this field out. Thus, the initial data for the interesting part of the DE evolution are
Xi = 0 ,
φi = const . (22)
The value of φi is a free parameter of the cosmological evolution in our model. Since at early times the field X is
close to zero, its effect on the evolution of the field φ is negligible. The field φ slowly rolls down its potential, and its
energy density dominates over that of X . Therefore, EOS for DE at early times is normal, w > −1, with w being
close to −1. We refer to this regime as quintessence stage. As we will see below, in a range of parameters, the system
eventually crosses the cosmological constant boundary w = −1 and passes through a transient phantom phase before
reaching the de Sitter asymptotics (18).
B. Slow roll phantom regime
The approach to the de Sitter solution (18) occurs in the slow roll regime. To see how this happens, we truncate
Eqs. (12) and (13) to
ǫφ˙− 3αH2X = U,X , (23)
−3ǫHX =W,φ . (24)
This truncation is legitimate provided that in addition to the usual slow-roll conditions φ¨≪ Hφ˙ and X¨ ≪ HX˙, the
following conditions are satisfied:
φ˙≪ ǫX , (25)
ǫφ˙X ≪ V , (26)
X˙ ≪ HX . (27)
[When writing inequalities, we always mean the absolute values of the quantities.] Note that we do not impose the
condition ǫφ˙ ≫ 3αH2X unlike in Ref. [33], since the term 3αH2X is not necessarily negligible relative to the term
U,X in Eq. (23).
From Eq. (23) we obtain
X = − ǫφ˙
ξM2
, (28)
where
ξ ≡ 1− 3αH
2
M2
. (29)
Note that ξ may be considered as a measure of the deviation from the de Sitter regime (18).
Substituting Eq. (28) into Eq. (24) we get the following equation
3Hφ˙ = ξW˜,φ , (30)
where
W˜ (φ) ≡ m
2M2
2ǫ2
φ2 .
Equation (30) shows that the field φ rolls up the potential W (φ) for ξ > 0, i.e., for
H <
M√
3α
. (31)
This is the region in which the phantom equation of state (w < −1) is realized; indeed, Eq. (14) gives ρ+ p ≈ ǫφ˙X =
ξXU,X ≡ −ξM2X2. Another way to understand the phantom behaviour is to notice that when the system approaches
6the de Sitter regime, the field φ dominates the energy density, see Eq. (21), so the energy density increases as the
field φ rolls up.
Let us find out whether the slow roll conditions (25), (26) and (27) are indeed satisfied. Making use of Eq. (28) we
obtain that the condition (25) is equivalent to
ǫ2 ≫ ξM2 , (32)
while using Eqs. (28) and (30) we rewrite the condition (26) as
ǫ2 ≫ ξm
2M2
H2
. (33)
The second inequality ensures also the validity of the relation (27); this can be seen by taking the time derivative
of Eq. (24). The latter two inequalities are automatically valid at small ξ, that is near the de Sitter solution (18).
We conclude that the approach to the de Sitter solution indeed occurs in the slow roll regime, and that the phantom
phase is indeed realised provided that the relation (31) holds. Our analysis implies also that the de Sitter solution
(18) is an attractor: the Hubble parameter slowly increases towards its de Sitter value, ξ decreases, and the dynamics
gets frozen as ξ → 0.
Since the field φ dominates the energy density at the phantom slow roll stage, the condition (31) takes a simple
form
φ < φA =
MmPl√
4παm
, (34)
where we made use of (20). The latter relation translates into the range of initial conditions which eventually lead to
the transient phantom behaviour,
φi <∼ φA . (35)
Indeed, during the radiation- and matter-dominated stages the field φ remains almost constant, and at the quintessence
stage it also does not roll down much.
Recalling again that φ dominates the energy density, we rewrite the inequality (33) as εs ≪ 1, where
εs =
2α
3
m2
ǫ2
(
φA
φ
)2
ξ . (36)
The parameter εs may be viewed as the slow roll parameter for the field φ. Indeed, one observes that
φ˙2
ξW˜
= εs , (37)
which, together with Eq. (30), justifies this interpretation.
From Eqs. (10), (14), (28) and (30) it follows that during the slow roll phantom stage, the EOM parameter of DE
is given by
w = −1− εs . (38)
Hence, the appreciable deviation from w = −1 occurs when εs is not much smaller than unity, i.e., when φi is
appreciably smaller than φA.
In the next section we confirm these expectations by numerical analysis, and also show explicitly that in a range of
parameters, the cosmological evolution proceeds from radiation-dominated to matter-dominated epoch, and then to
the slow roll phantom stage, before finally ending up in the de Sitter regime (18).
C. Numerical solutions
In our numerical analysis we choose initial conditions X˙ = φ˙ = X = 0 with nonzero values of φ, ρm and ρr. This
choice corresponds to the initial data (22). We have also tried many other initial conditions and found that the results
are not sensitive to the initial values of X , X˙ and φ˙, in accord with the discussion in the end of Sec. III A.
7In Fig. 1 we plot the cosmological evolution for the model parameters α = 1, γ = 1/2, ǫ/m = 3, M/m = 1 and the
initial value φi = 0.5φA. We find it convenient to present the plots in terms of the variable
N = ln a . (39)
Figure 1 clearly shows that the sequence of radiation, matter and de Sitter epochs can be achieved together with the
w = −1 crossing. The DE EOS parameter w is nearly a constant, w ≃ −1, during the radiation and matter epochs
because the fields are almost frozen. At the transition era from matter domination to DE domination, w begins
to grow because the kinetic energies of the fields become important; this is the quintessence phase. However, the
system soon enters the phantom phase during which the field φ rolls up the potential. Hence the equation of state w
crosses the cosmological constant boundary w = −1 and reaches a minimum value wmin < −1. The solution finally
approaches the de Sitter regime (18) from the phantom side. Of some interest is also the EOS parameter of the entire
system,
weff =
ptot
ρtot
. (40)
It is seen from Fig. 1, this parameter also becomes smaller than −1 soon after w = −1 crossing.
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FIG. 1: Cosmological evolution for the model parameters α = 1, γ = 1/2, ǫ/m = 3 and M/m = 1. We choose initial conditions
X = X˙ = φ˙ = 0, φi = 0.5φA, and Ωr,i = 0.99, Ωm,i = 0.01. Shown is the evolution of ΩDE, Ωm, Ωr , w and weff as functions
of N ≡ ln a. Note that the present epoch corresponds to Ωm = 0.3 and ΩDE = 0.7, which is denoted by a vertical line. After
the cosmological constant boundary crossing, the DE EOS parameter w reaches a minimum wmin = −1.19 and then increases
towards the de Sitter value w = −1 from the phantom side.
The pattern shown in Fig. 1 is generic in our model, provided that its parameters and initial data obey m/ǫ≪ 1,
M/ǫ ≪ 1 and φi < φA (in fact, the inequalities here need not be strong). The strengths of the effects depend, of
course, on the values of these parameters. In particular, the minimum value wmin is related to the slow-roll parameter
εs, in accord with Eq. (38). If the field φ evolves very slowly, one has εs ≪ 1, so wmin is close to −1. On the contrary,
the appreciable deviation from w = −1 occurs if εs is not very much smaller than unity.
8FIG. 2: The minimum value of the EOS parameter w of DE, its value w0 at the present epoch (Ωm = 0.3, ΩDE = 0.7) and its
maximum value as functions of m/ǫ for M/ǫ = 1/30 and the initial value φi = 0.5φA.
Since the field φ is practically frozen during the radiation- and matter-dominated epochs, and evolves rather slowly
later on, the dependence of the cosmological evolution on the parameters of the model and on the initial value φi can
be understood, at qualitative level, by inspecting Eq. (36). For the qualitative discussion of the evolution well before
the asymptotic de Sitter regime sets in, the parameter ξ in (36) may be set equal to 1, while the value of φ may be set
equal to its initial value φi. Then Eq. (36) implies that with other parameters and φi fixed, for smaller m/ǫ one gets
smaller absolute value of εs at its minimum, leading to the value of wmin closer to −1. This is shown in Fig. 2. From
Fig. 1 it is clear, however, that the minimum of w occurs after the present epoch (ΩDE ≃ 0.7 and Ωm ≃ 0.3). Again,
this is a rather generic feature of our model. Therefore, instead of wmin, more interesting quantities are the present
value w0 of the DE EOS parameter and also its maximum value before the cosmological constant boundary crossing.
These quantities are also given in Fig. 2. Overall, the behaviour shown in Fig. 1 is more pronounced at larger m/ǫ,
once other parameters of solutions are kept fixed.
According to Eq. (36), the initial value of the field φ is also important to determine the amplitude of εs and hence
w: a smaller φi results in a stronger deviation of wmin from −1. The present value w0 also becomes more negative
(stronger deviating from −1), while the cosmological constant boundary crossing occurs earlier. From the numerical
analysis we find that at relatively large values of m/ǫ the increase of M has the opposite effect, while at smaller m/ǫ
the effects due to the variation of M are small. These properties are illustrated in Figs. 3 and 4.
As discussed above, the phantom phase occurs only if the initial value of φ obeys (35), otherwise the de Sitter
attractor is approached from the quintessence side, w > −1. This is illustrated in Fig. 5.
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FIG. 3: The dependence of the present value w0 (i.e., w at Ωm = 0.3, ΩDE = 0.7) on the initial value of φ, for different sets of
the model parameters.
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FIG. 4: The dependence of the redshift (from the present epoch, Ωm = 0.3, ΩDE = 0.7) of the cosmological constant boundary
crossing, w = −1, on the initial value of φ.
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FIG. 5: Cosmological evolution for the model parameters α = 1, γ = 1/2, ǫ/m = 3 and M/m = 0.1. We choose initial
conditions X = X˙ = φ˙ = 0, φi = 3φA, and Ωr,i = 0.99, Ωm,i = 0.01. The present epoch corresponds to ΩDE = 0.7 and
Ωm = 0.3, which is denoted by a vertical line. In this case the cosmological constant boundary crossing is not realized because
φ remains always larger than φA.
At the end of this section we discuss the variation of the effective gravitational constant. According to Eq. (6), the
effective Newton’s constant that determines the interaction deep inside the horizon scale is given by
G∗ = G(1 − 4πGαX2)−1 . (41)
Its variation in time is conveniently expressed in terms of the following quantity
d lnG∗
d ln a
≡ G˙∗
G∗H
=
8παXX˙
H(m2pl − 4παX2)
. (42)
The typical experimental and observational constraints on the variation of G∗ in the present Universe are given by
|G˙∗/G∗| <∼ 10−12 yr−1 [37], which translates into the condition∣∣∣G˙∗/G∗∣∣∣ <∼ 10−2H0 . (43)
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FIG. 6: The evolution of the variation of the effective gravitational constant d lnG∗/d ln a as function of N = ln a and redshift
z. The cases (a) and (b) correspond to the model parameters and initial conditions given of Figs. 1 and 5, respectively. The
black points represent the values at the present epoch (Ωm ≃ 0.3).
FIG. 7: The maximum value of d lnG∗/d ln a as a function of m/ǫ. Other parameters and initial conditions are the same as in
Fig. 2.
In Fig. 6 we plot the evolution of the quantity d lnG∗/d lna for the model parameters and initial conditions given in
12
Figs. 1 and 5. At the present epoch (Ωm ≃ 0.3) we obtain the values G˙∗/G∗ = 3.5× 10−2H−10 and 2.4× 10−2H−10 for
these two cases, respectively. Comparing Fig. 6 with Figs. 1 and 5 one observes that the variation of the gravitational
constant is correlated in time with the deviation of w from −1. This is clear from Eq. (41) too: the gravitational
constant varies when the field X changes in time, while the latter occurs during the transition from the matter
dominated stage to the final de Sitter attractor. It is precisely at this transition stage that w substantially deviates
from −1.
Figure 7 shows the maximum value of d lnG∗/d lna as a function of m/ǫ. Again, the variation of the effective
Newton’s constant is more pronounced at larger m/ǫ. This means that it is correlated with the amplitude of the
deviation of w from −1. The dependence of d lnG∗/d lna on M and on the initial value of φ is rather weak.
It is worth pointing out that as long as the deviation of the EOS from w = −1 is not so significant, the models
satisfy the constraint (43), and also that our model suggests that the variation of G∗ is close to the present upper
bound on G˙∗/G∗.
IV. MOMENTUM SCALES OF INSTABILITIES
In this section the momentum scales of instabilities are present in our model. We first study dispersion relations in
the Minkowski space-time and then proceed to those in the FRW space-time. We wish to clarify the conditions under
which a tachyon or a superluminal mode appears by considering dispersion relations. We also evaluate the energy of
the modes to find out a ghost state.
A. Minkowski spectrum
Let us consider the perturbations for the fields,
B0 = X + b0 , Bi = bi , Φ = φ+ ϕ . (44)
The quadratic Lagrangian for perturbations, following from the general expression (1), is
Lb0,bi,ϕ =
γ
2
∂µb0∂
µb0 +
α
2
∂µbi∂
µbi +
1
2
∂µϕ∂
µϕ+ ǫ∂0ϕb0 − ǫ∂iϕbi
−1
2
m20b
2
0 −
1
2
m21b
2
i −
1
2
m2ϕϕ
2 , (45)
where
m20 = U,XX , m
2
1 = −
U,X
X
, m2ϕ =W,φφ . (46)
For our model (15) one has −m20 = m21 =M2 and m2ϕ = m2. In what follows we concentrate on this case, and assume
the following relations, see (20) and (32),
ǫ≫ √αm ,
ǫ≫M . (47)
Varying the Lagrangian (45) with respect to bi, b0 and ϕ, we obtain the equations for the field perturbations. In
order to find the spectrum of the system we write the solutions in the form b0 = b˜0e
ipµx
µ
= b˜0e
i(ωt−p·r), bi = b˜ie
ipµx
µ
and ϕ = ϕ˜eipµx
µ
. The transverse mode of the vector field Bi has the dispersion relation
ω20 = p
2 +
M2
α
. (48)
The three scalar modes b˜i = (pi/p)b˜L, b˜0 and ϕ˜ satisfy the following equations(
ω2 − p2 − M
2
α
)
b˜L + i
ǫ
α
pϕ˜ = 0 , (49)(
ω2 − p2 + M
2
γ
)
b˜0 − i ǫ
γ
ωϕ˜ = 0 , (50)(
ω2 − p2 −m2) ϕ˜− iǫωb˜0 − iǫpb˜L = 0 . (51)
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Expressing b˜L and b˜0 in terms of ϕ˜ from Eqs. (49), (50) and plugging them into Eq. (51), we find that the eigenfre-
quencies corresponding to three mixed states satisfy
(z −m2)
(
z +
M2
γ
)(
z − M
2
α
)
− ǫ2z
(
z
γ
+
p2
γ
+
p2
α
− M
2
γα
)
= 0 , (52)
where
z ≡ ω2 − p2 . (53)
The spectrum in the case m = 0 was studied in Ref. [33]. Our purpose here is to extend the analysis to the case of
non-zero m. Denoting the solutions of Eq. (52) as z1, z2 and z3, we obtain the relation
z1z2z3 = −m
2M4
αγ
. (54)
Once the conditions (47) are satisfied, then one can show that if the relation
z1 < z2 < z3 (55)
holds at some momentum, then the inequality (55) is satisfied for all momenta.
In the limits p→∞ and p→ 0, we obtain the following dispersion relations, respectively.
• (A) UV limit (p→∞)
ω1 = p− ǫ
2
√
1
γ
+
1
α
+
ǫ2
8p
(
2m2
ǫ2
+
1
γ
− 1
α
)
+O(M2/p) , (56)
ω2 = p+
m2M4
2p3ǫ2(α+ γ)
+O(1/p5) ,
ω3 = p+
ǫ
2
√
1
γ
+
1
α
+
ǫ2
8p
(
2m2
ǫ2
+
1
γ
− 1
α
)
+O(M2/p) .
We see that ω1 < ω2 < ω3 and z1 < 0, z2,3 > 0. In all three cases the group velocities ∂ωi/∂p are less than 1,
so neither mode is superluminal at high three-momenta, provided that α > γ. The two-derivative terms in the
Lagrangian (45) dominate in the UV limit, so there are neither ghosts nor tachyons in this limit.
• (B) IR limit (p→ 0)
ω1 = −m
2M2
ǫ2
[
1 +O(m2/ǫ2,M2/ǫ2)] , (57)
ω2 =
M2
α
,
ω3 =
ǫ2
γ
+m2 +O(M2) .
We see again that ω1 < ω2 < ω3 and z1 < 0, z2,3 > 0. This means that using the property (55) we can identify
the modes: the first one has the behaviour (56) and (57), and so on.
It follows from Eq. (54) that zi never vanish. In fact the coefficients in Eq. (52) are regular at all momenta, so zi
are regular as well. Therefore, zi never change signs and hence z1 < 0, z2,3 > 0 for all momenta. This means, in
particular, that the second and third modes never become tachyonic.
Let us discuss the dangerous mode with the dispersion relation ω = ω1(p) in some detail. The expression for the
fields in each mode is
b˜L,i = −iǫp
(
γzi +M
2
) · Ci ,
b˜0,i = iǫω(αzi −M2) · Ci ,
ϕ˜i = (γzi +M
2)(αzi −M2) · Ci , (58)
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where Ci are the normalization factors. Setting ω
2 = 0 in Eq. (52), we obtain three critical momenta
p21,2 =
1
2

 ǫ2 −M2
α
−m2 ±
√(
ǫ2 −M2
α
−m2
)2
− 4m
2M2
α

 , (59)
p23 =
M2
γ
. (60)
Under the conditions (47), the critical momenta p21,2 are approximately given by
p21 ≃
ǫ2 −M2
α
−m2 , p22 ≃
m2M2
ǫ2
, (61)
so that p21 > p
2
3 > p
2
2 > 0. The tachyonic mode (ω
2
1 < 0) is present for 0 < p
2 < p22 and p
2
3 < p
2 < p21.
In order to find whether there are ghosts we calculate the energy of the modes (58),
Ei(p) = 2ω
2|Ci|2
[
αǫ2p2(γzi +M
2)2 + ǫ2(γp2 −M2)(αzi −M2)2 + (γzi +M2)2(αzi −M2)2
]
. (62)
For the modes with ω2,3 we have E2,3(p) > 0. For the mode with ω1 the energy is equal to zero at p = p3 = M/
√
γ.
While ω21 > 0 for p
2 < p23 ≡M2/γ, the energy E1(p) changes its sign at this momentum. Thus the mode with ω1 is a
ghost for p2 < M2/γ.
We summarize the properties of the dangerous mode as follows:
• (i) p2 > (ǫ2 −M2)/α−m2: healthy
• (ii) M2/γ < p2 < (ǫ2 −M2)/α−m2: tachyon
• (iii) m2M2/ǫ2 < p2 < M2/γ: ghost, but not tachyon
• (iv) 0 < p2 < m2M2/ǫ2: tachyon.
Unlike the case m = 0 [33] the tachyon is present in the deep IR region (iv).
To end up the discussion of the modes in Minkowski space-time, we give the expressions for the minimum values of
ω2 in the tachyonic regions,
• (ii):
ω2min = −
γǫ2
4α(α+ γ)
at p2 =
ǫ2
4α
γ + 2α
γ + α
. (63)
• (iv):
ω2min = −
m2M2
ǫ2
at p2 = 0 .
Note that |ω2min| is relatively large in the region (ii), so this region is the most problematic.
B. Evolution of perturbations in cosmological background
Finally we discuss the evolution of field perturbations in the FRW background (2). In the cosmological context
the physical momentum p is related to the comoving momentum k as p = k/a. Once the parameters of the model
and initial data are such that the cosmological boundary crossing occurs, the present epoch (ΩDE ≃ 0.7) typically
corresponds to the phantom region. From Fig. 1 one can see that the Hubble parameter does not change much during
the transition from the phantom epoch to the final de Sitter era. Hence the present value of the Hubble parameter (H0)
is of the same order as the value H = M/
√
3α in the de Sitter asymptotics. This means that the value p3 = M/
√
γ
is of the same order as H0 provided that γ and α are of order unity.
The tachyon appears when the momentum p = k/a of the dangerous mode becomes smaller than√
(ǫ2 −M2)/α−m2 and temporally disappears when the mode crosses the value M/√γ. Hence this instability
is present for the modes which are inside the Hubble radius and satisfy M/
√
γ < p <
√
(ǫ2 −M2)/α−m2, but it
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is absent for the modes deep inside the Hubble radius, satisfying p >
√
(ǫ2 −M2)/α−m2. After the Hubble radius
crossing (k = aH), the tachyonic instability disappears in the momentum region m2M2/ǫ2 < p2 < M2/γ, but the
tachyon appears again for p2 < m2M2/ǫ2. Note that the ghost existing at m2M2/ǫ2 < p2 < M2/γ is a not a problem
because of its low energy [13, 40].
In what follows we discuss the evolution of field perturbations in the two tachyonic regimes. Before doing that it is
instructive to study the high-momentum regime that sets the initial data for the tachyonic evolution.
1. p2 ≫ (ǫ2 −M2)/α−m2
We denote the overall amplitude of the dangerous mode as ϕ. Since the modes are deep inside the Hubble radius
(k/a≫ H) in the regime we discuss here, the field perturbation χ approximately satisfies
d2
dη2
χ+ k2χ ≃ 0 , (64)
where χ = aϕ and η is conformal time defined by η =
∫
a−1dt. Taking the asymptotic Minkowski vacuum state,
χ = e−ikη/
√
2k, the squared amplitude of the field perturbation ϕ is given by [41]
Pϕ = 4πk
3
(2π)3
|ϕ|2 =
(
k
2πa
)2
. (65)
Since the maximum momentum at which the tachyon appears is k/a ≃ ǫ/√α, one has the following estimate for the
amplitude of the field perturbation at the beginning of the tachyonic instability,
ϕi ≃ ǫ
2π
√
α
. (66)
As usual, this amplitude characterizes the contribution of a logarithmic interval of momenta into 〈ϕ2(x)〉.
2. M2/γ < p2 < (ǫ2 −M2)/α−m2
This interval of momenta is dangerous, as the perturbations undergo the tachyonic amplification. Since the modes
are still inside the Hubble radius, one can neglect the gravitational effects on the “frequency” ω when estimating the
growth of field perturbations. By the time the tachyonic amplification ends up, the amplitude of field perturbations
is estimated as
ϕ ≃ ϕi exp
(∫ tf
ti
|ω1|dt
)
= ϕi exp
(∫ p3
p1
|ω1|
H
dp
p
)
. (67)
Recall that p1 ≃ ǫ/√α and p3 = M/√γ. The largest value of |ω21 | is approximately given by (63). Substituting this
value into Eq. (67) and recalling that the background changes slowly (H ≃ const), one finds that the amplitude of
the field perturbation after exit from the tachyonic regime is of order
ϕ ≃ ǫ
2π
√
α
exp
[
1
2
√
γ
α(γ + α)
ǫ
H
log
(√
γ
α
ǫ
M
)]
, (68)
where we used Eq. (66).
Recall now that H is of the same order as M/
√
3α during the phantom phase. Hence the large ratio ǫ/M leads to
a strong amplification of field perturbations. From (18), the homogeneous field φ at the phantom and de Sitter phase
is estimated as φ ≃
√
3
4π
Hmpl
m . The requirement that the perturbation ϕ is smaller than the background field φ leads
to the constraint
exp
[
1
2
√
γ
α(γ + α)
ǫ
H
log
(√
γ
α
ǫ
M
)]
<
√
3απ
Hmpl
ǫm
. (69)
As an example, in the case m = H0 = 10
−42 GeV, M =
√
3αH0, α = 1 and γ = 1/2, we obtain the constraint
ǫ/M <∼ 70. As long as α and γ are of order one, the ratio ǫ/M should not be too much larger than unity.
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3. 0 < p2 < m2M2/ǫ2
After the Hubble radius crossing, the effect of the cosmic expansion can no longer be neglected when estimating
the “frequencies” of the field perturbations. Since there are no tachyonic instabilities for m2M2/ǫ2 < p2 < M2/γ,
we consider the evolution of perturbations in the region 0 < p2 < m2M2/ǫ2. In Ref. [33] the equations for the field
perturbations were derived in the slow-rolling background under the condition p2 ≪ M2,m2. The equation for the
perturbation χ = aϕ is approximately given by
d2
dη2
χ+
(
k2 − 1
a
d2a
dη2
− a2m
2M2
ǫ2
)
χ = 0 . (70)
Here we neglected the contribution of metric perturbations on the r.h.s. of this equation. Note that metric pertur-
bations works as a back reaction effect after the field perturbation is sufficiently amplified. The growth rate of the
perturbation χ is mainly determined by the terms in the parenthesis of Eq. (70) rather than the backreaction of metric
perturbations.
The last term corresponds to the tachyonic mass term, which already appeared in Minkowski spacetime [see Eq. (57)].
Since the term (d2a/dη2)/a is of order a2H2, one can estimate the ratio of the tachyonic mass relative to this
gravitational term:
δ ≡ a
2m2M2/ǫ2
(d2a/dη2)/a
≃ m
2M2
ǫ2H2
. (71)
If we use the de Sitter value H =M/
√
3α, this ratio is estimated as δ = 3αm2/ǫ2 ≪ 1. Hence the gravitational term
(d2a/dη2)/a dominates over the tachyonic mass.
In the de Sitter background with a = −1/(Hη) the approximate solutions to Eq. (70) can be obtained by setting
χ = −(C/H)η−1+δ˜. One finds that δ˜ = −m2M2/(3H2ǫ2) for the growing solution, thereby giving
ϕ = Cη−
m2M2
3H2ǫ2 ∝ aδ/3 . (72)
In Ref. [33] it was shown that the physical temporal component of the vector field perturbations evolves as b0/a ∝ aδ/3,
whereas the physical spatial component of the vector field decreases as Bi/a ∝ a−1+δ/3. The growth rate of ϕ and
b0/a is small due to the condition δ ≪ 1. So, the second tachyonic instability is harmless for the past and present
cosmological evolution. However, we notice that since the de Sitter solution is a late-time attractor, the perturbations
ϕ and b0/a become larger than the homogeneous background fields in the distant future. At this stage we expect that
the contribution of metric perturbations can be also important.
V. CONCLUSIONS
In this paper we have studied the dynamics of dark energy in a Lorentz-violating model with the action given in
(1). The model involves a vector field Bµ and a scalar field Φ with mass terms M and m, respectively. The presence
of the one-derivative term ǫ∂µΦB
µ leads to an interesting dynamics at the IR scales larger than ǫ−1. The phantom
equation of state can be realized without having ghosts, tachyons or superluminal modes in the UV region.
We have taken into account the contributions of radiation and non-relativistic matter and studied the cosmological
evolution of the system. Interestingly, there exists a de Sitter attractor solution that can be used for the late-time
acceleration. The phantom regime is not an attractor, but we have found that in a range of parameters, the phantom
stage occurs during the transition from the matter epoch to the final de Sitter attractor. As is seen, e.g., in Fig. 1
the equation of state parameter w of dark energy crosses the cosmological constant boundary towards the phantom
region. We clarified the conditions under which the w = −1 crossing is realized together with the existence of the
stable de Sitter solution.
In the model studied in this paper, the effective Newton’s constant is time-dependent. We have found, however,
that this dependence is typically mild, though for interesting values of parameters it is close to the experimental
bounds.
We have also considered the field perturbations in Minkowski spacetime and obtained the momentum scales of
instabilities present in the IR region (p <∼ ǫ). We have found that either tachyons or ghosts appear for the spatial
momenta p smaller than
√
(ǫ2 −M2)/α−m2, while in the UV region there are no unhealthy modes. In the cosmo-
logical context the presence of tachyons at the IR scales leads to the amplification of large-scale field perturbations
whose wavelengths are roughly comparable to the present Hubble radius. There are two tachyonic regions of spatial
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momenta in this model: (a) one is sub-horizon and its momenta are characterized byM2/γ < p2 < (ǫ2−M2)/α−m2;
(b) another is super-horizon and has 0 < p2 < m2M2/ǫ2. In the region (a) we derived the condition under which the
perturbations always remain smaller than the homogenous fields, see Eq. (69). While the existence of the phantom
phase requires that ǫ > M , the condition (69) shows that ǫ cannot be very much larger than M . Thus the allowed
range of ǫ is constrained to be relatively narrow. In the tachyonic region (b) the growth of the perturbations is
estimated as ϕ ∝ aαm2/ǫ2 . Since the growth rate is suppressed by the factor m2/ǫ2, this effect is negligible in the past
and at present, though the inhomogeneities can start to dominate over the homogenous fields in the distant future.
There are several issues yet to be understood. The presence of the tachyonic instability on sub-horizon scales may
lead to the variation of the gravitational potential, which can be an additional source of the late-time integrated
Saches-Wolfe effect on the CMB power spectrum. Another property of this model is the peculiar time-dependence of
the effective Newton’s constant, which may result in interesting phenomenology.
The model studied in this paper is likely to belong to a wider class of Lorentz-violating theories exhibiting the
phantom behaviour (see Refs. [42] for a number of Lorentz-violating models). It would be interesting to understand
how generic are the features we found in our particular model — late-time de Sitter attractor, transient phantom stage,
time-dependent Newton’s constant, sub-horizon tachyons, super-horizon ghosts, etc. One more direction is to modify
our model in such a way that it would be capable of describing inflationary epoch rather than the late-time acceleration.
Since it is known that the spectra of scalar and tensor perturbations produced during the phantom inflationary phase
are typically blue-tilted [43], this model may give rise to some distinct features in the CMB spectrum.
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Appendix A
We are going to find the effective Newton’s constant that determines the strength of gravitational interactions at
distances shorter than all scales present in our model, including ǫ−1, M−1, m−1 as well as the Hubble distance. To
this end, we neglect the last two terms in the action (1), and also neglect the time dependence of the background fields
φ and X . We also neglect the space-time curvature of the Universe, and therefore consider our model in Minkowski
space-time.
Let us impose the gauge h0i = 0, where hµν is the metric perturbation about the Minkowski background. Then the
quadratic Lagrangian for perturbations of metric, vector and scalar fields is readily calculated,
L =
1
2
α
[(
b˙i +
1
2
X∂ih00
)2
−
(
∂ibj − 1
2
Xh˙ij
)2]
+
1
2
γ
[(
b˙0 +
1
2
Xh˙00
)2
−
(
∂ib0 +
1
2
Xh˙00
)2]
+
1
2
[
ϕ˙2 − (∂iϕ)2
]
. (73)
where X2 = B20 is the background value. Clearly the scalar field ϕ decouples in our approximation, so we will not
consider it in what follows.
By varying the quadratic action with respect to h00 and hij , one obtains (00)- and (ij)-components of the linearized
energy-momentum tensor for perturbations (note that T µν = −2δS/δhµν). Specifying further to scalar perturbations
with bi = ∂ibL and choosing conformal Newtonian gauge, h00 = 2Φ, hij = −2Ψδij, one obtains (we keep the standard
notation for the Newtonian potential, even though the same notation was used for the original scalar field in the main
text)
T 00 = αX(X∆Φ−∆b˙L) + γX (b0 +XΦ) ,
T ij = αX∂i∂j b˙L − δijαX2Ψ¨ , (74)
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where ∆ = ∂i∂i and = ∂
2
0 −∆. The field equations for b0 and bL in the absence of sources for these fields read
(b0 +XΦ) = 0 ,
− bL +X(Φ˙− Ψ˙) = 0 . (75)
Now, the longitudinal (proportional to ∂i∂j) part of the (ij)-component of the Einstein equations, in the absence of
external anisotropic stresses, gives
Φ + Ψ = 8πGαXb˙L , (76)
while the trace part and (00)-component are
Ψ¨ +
1
2
∆(Φ + Ψ) = −4πGαX2Ψ¨− 4πGpext , (77)
−∆Ψ = 4πG(αX2∆Φ− αX∆ ˙bL) + 4πGρext , (78)
where ρext and pext are energy density and pressure of an external source.
For time-independent, pressureless source it is consistent to take all perturbations independent of time and set
bL = 0. Then one finds, as usual, Ψ = −Φ and obtains the following equation for the Newtonian potential,
(1 − 4πGαX2)∆Φ = 4πGρext . (79)
Thus, the effective Newton’s constant in the background field X is
G∗ = G(1 − 4πGαX2)−1 . (80)
This means that the effective Planck mass entering the Newton’s law is given by (6).
Appendix B
A. Autonomous equations
Let us define the following dimensionless variables which are convenient for studying the dynamical system [6, 38]:
x1 =
κ
√
γX˙√
6H
, x2 =
κφ˙√
6H
, x3 =
κmφ√
6H
, x4 =
√
4π
3
X
mpl
, x5 =
M
H
, x6 =
κ
√
ρr√
3H
. (81)
Then we obtain the following autonomous equations
x′1 = −3x1 −
3α√
γ
x4 +
ǫ
M
1√
γ
x2x5 +
1√
γ
x4x
2
5 − x1
H ′
H
, (82)
x′2 = −3x2 −
ǫ
M
1√
γ
x1x5 − 3 ǫ
M
x4x5 − m
M
x3x5 − x2H
′
H
, (83)
x′3 =
m
M
x2x5 − x3H
′
H
, (84)
x′4 =
1√
γ
x1 , (85)
x′5 = −x5
H ′
H
, (86)
x′6 = −2x6 − x6
H ′
H
, (87)
and
H ′
H
= −3
2
1 + x21 + x
2
2 − x23 + x24(3α+ x25) + x26/3 + 2(ǫ/M)x2x4x5 + 4(α/
√
γ)x1x4
1 + 3αx24
,
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where prime denotes the derivative with respect to
N ≡ ln(a) .
Equation (11) gives the constraint
Ωm ≡ κ
2ρm
3H2
= 1− x21 − x22 − x23 + x24
(
3α+ x25
)− x26 . (88)
Note that the above equations are invariant under the simultaneous change of the signs of φ and X . Hence it is not
restrictive to study the case of positive φ. Note also that we study the case of an expanding Universe with H > 0.
B. Fixed points
By setting x′i = 0 one formally finds the following six fixed points:
• (A) de Sitter (i): (x1, x2, x3, x4, x5, x6) =
(
0, 0, ǫm
√
3
3ǫ2/m2−2α ,− 1√3(3ǫ2/m2−2α) ,
√
3α, 0
)
,
• (B) de Sitter (ii): (x1, x2, x3, x4, x5, x6) = (0, 0, const, 0, 0, 0) ,
• (C) matter: (x1, x2, x3, x4, x5, x6) = (0, 0, 0, 0, 0, 0) ,
• (D) radiation: (x1, x2, x3, x4, x5, x6) = (0, 0, 0, 0, 0, 1) ,
• (E1) kinetic point (i): (x1, x2, x3, x4, x5, x6) = (0, 1, 0, 0, 0, 0) ,
• (E2) kinetic point (ii): (x1, x2, x3, x4, x5, x6) = (0,−1, 0, 0, 0, 0) .
The fixed point (A) is precisely the de Sitter solution (18) that we discussed in Sec. III A. We will comment on its
stability shortly.
The point (B) is also in some sense a de Sitter point. It exists even in the absence of the field X and satisfies
the relation 3H2 = κ2W (φ). To reach the solution (B), the Hubble parameter needs to increase towards infinity
(M/H → 0), and the field φ needs to diverge as well.
The point (C) corresponds to matter-dominated era satisfying Ωm = 1 and weff = 0, whereas the point (D) describes
radiation-dominated epoch with Ωr = 1 and weff = 1/3.
The points (E1) and (E2) are kinetic solutions satisfying ΩDE = 1 and weff = 1. These solutions are used neither
for dark energy nor for radiation/matter dominated epochs.
A cosmologically viable trajectory starts from the radiation point (D), connects to the matter solution (C) and
finally approaches the de Sitter point (A). [Note that the initial data (22) indeed correspond to x1, x2, x3, x4, x5 → 0
as t→ 0.] To see that this sequence of events is indeed possible, let us study the stability of the fixed points against
perturbations.
Let us consider linear perturbations δxi. By perturbing Eqs. (82)-(86) we obtain
δx′1 =
(
−3− H
′
H
− c1x1
)
δx1 +
(
ǫ
M
1√
γ
x5 − c2x1
)
δx2 − c3x1δx3
+
(
1√
γ
x25 −
3α√
γ
− c4x1
)
δx4 +
(
ǫ
M
1√
γ
x2 +
2√
γ
x4x5 − c5x1
)
δx5 − c6x1δx6 , (89)
δx′2 = −
(
ǫ
M
1√
γ
x5 + c1x2
)
δx1 −
(
3 + c2x2 +
H ′
H
)
δx2 −
(m
M
x5 + c3x2
)
δx3
−
(
3
ǫ
M
x5 + c4x2
)
δx4 −
(
ǫ
M
1√
γ
x1 + 3
ǫ
M
x4 +
m
M
x3 + c5x2
)
δx5 − c6x2δx6 , (90)
δx′3 = −c1x3δx1 +
(m
M
x5 − c2x3
)
δx2 − c3x3δx3 − c4x3δx4 +
(m
M
x2 − c5x3
)
δx5 − c6x3δx6 , (91)
δx′4 =
1√
γ
δx1 , (92)
δx′5 = −c1x5δx1 − c2x5δx2 − c3x5δx3 − c4x5δx4 −
(
H ′
H
+ c5x5
)
δx5 − c6x5δx6 , (93)
δx′6 = −c1x6δx1 − c2x6δx2 − c3x6δx3 − c4x6δx4 − c5x6δx5 −
(
2 +
H ′
H
+ c6x6
)
δx6 , (94)
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where δ(H ′/H) =
∑6
i=1 ciδxi with
c1 = −3x1 + 6(α/
√
γ)x4
1 + 3αx24
x4 , c2 = −3x2 + 3(ǫ/M)x4x5
1 + 3αx24
, c3 =
3x3
1 + 3αx24
,
c4 = −3x4(3α+ x
2
5) + 3(ǫ/M)x2x5 + 6(α/
√
γ)x1
1 + 3αx24
− 6αx4
1 + 3αx24
H ′
H
,
c5 = −3x
2
4x5 + 3(ǫ/M)x2x4
1 + 3αx24
, c6 = − x6
1 + 3αx24
. (95)
The stability of fixed points can be analyzed by considering eigenvalues of the 6 × 6 matrix M for perturbations
along the lines of Ref. [6, 38].
The stability of the de Sitter point (A) is important for having the late-time accelerated epoch. This depends upon
the two ratios ǫ/m and M/m once the parameters α and γ are fixed. When α = 1 and γ = 1/2, for example, the
parameter range of ǫ/m is determined by the ratio M/m. We find that the point (A) is a stable attractor if the
following conditions hold:
• (i) When M/m = 0.1, ǫ/m > 0.817,
• (ii) When M/m = 1, ǫ/m > 1.35,
• (iii) When M/m = 10, ǫ/m > 3.52,
When ǫ ≫ m, the stability of the point (A) is ensured automatically unless the ratio M/m is too much larger than
unity. In view of (20) the case ǫ≫ m is of particular interest.
For another de Sitter point (B), the eigenvalues are
− 3,−3,−3
2
± 1
2
√
9− 12α
γ
, 0,−1/2 , (96)
This means that this point is marginally stable. The zero eigenvalue comes from the perturbation equation for δx5.
If H continues to increase toward the solution (B), this eigenvalue actually obtains a small negative value, as can be
seen from Eq. (93). Thus in such a case the point (B) is stable. However, we know that the phantom phase is realized
only for finite field values bounded by φA, see Eq. (34). Hence it is not possible that the actual solutions approach
the point (B) with infinite H and φ.
The matter point (C) has the eigenvalues
3/2,−3/2,−4
3
±
√
9− 48α
γ
, 0,−1/2 , (97)
which shows that the matter era corresponds to a saddle point with one positive eigenvalue. Hence the solutions
eventually repel away from this fixed point even if they temporarily approach it.
The radiation point (D) has the eigenvalues
− 1
2
± 1
2
√
1− 12α
γ
,−1, 0, 2, 1 . (98)
One finds that the radiation epoch corresponds to a saddle point with two positive eigenvalues.
The kinetic points (E1) and (E2) have the eigenvalues
3, 3, 1, 0,
√
3α
γ
i,−
√
3α
γ
i , (99)
which shows that they are unstable.
The above stability analysis shows that the sequence of radiation, matter and de Sitter epochs can indeed be
realized.
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